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Structural versus Reduced-Form

One of the important types of credit risk models is a structural model
attempting to explain the mechanism by which default takes place.

On the other hand, another important type of credit risk models known as
a reduced-form leaves the precise mechanism leading to default
unspecified.

Our interest is on the mechanism and its influence to an increasing
information system by which several pricing will be made.
Therefore, we focus on structural models in this research.

In the following, we see the framework of structural models initiated by
Merton, and examine its problem.
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A problem of structural credit risk models

Structural approach in credit risk modeling theory based on the default
time is defined by
T:=inf{t>0]| V; <L}

where V; is the firm value at time t > 0, and L is a liability with L < V.

If we have complete information on V; in a real time base, the theoretical
credit spread of a defaultable zero-coupon bond converges to 0 as the time
goes to its maturity date.

Why? Because the default time becomes a predictable stopping time.

However, empirically observing credit spread does not become 0 even at
just before its maturity time.
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Incomplete Models

We need a kind of incompleteness on the information about V; in the
model, that makes its default time a totally inaccessible stopping time.

Many authors have tried several formulation to make this happen.

@ Duffie and Lando (2001) introduce noise into the market's
information set. Observe the firm's asset value plus noise at equally
spaced, discrete (non-continuous) time points.

@ Kusuoka (1999) extends Duffie and Lando’s model to continuous time
observations.

© Nakagawa (2001) presents a filtering model of a default time in a
rigid mathematical setting.

Q Cetin, Jarrow, Protter and Yildirim (2004) reduce the information the
market can see instead of appending noise.

© Giesecke's model (2006) makes the default barrier be unobservable to
the market.
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Market Delay Models

One of the ways to make the model incomplete is to introduce a delay of
the information reaching to some parities as a source of the model
incompleteness.

Q Lindset, Lund and Persson (2008) introduce a model having constant
lags for both managers and markets.

@ Guo, Jarrow and Zeng (2009) propound a model having stochastic
delay based on an increasing sequence of stopping times.
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We adopt the market delay approach and would like to investigate
© What is a natural definition of randomly delayed time?

@ What kind of filtrations can we get through the randomly delayed
time?

© How do we calculate conditional expectations given the filtration in
order to make valuation?
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Information Delay

Information Delay
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What is the market delay? (1)

First, we give a formulation of market delay.

Suppose that we are market participants, and observe an event at time t.
The event, however, happened at time m; that may be ahead of t. That is,

mg S t.
In other words, there is a delay
t— mg

for market participants to know the event.
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What is the market delay? (

It is also natural to assume the following monotonicity to preserve the
order of causality:

s < t implies ms < m;.

On the other hand, insiders know the occurrence of the event without
delay.
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Throughout this presentation, all the discussion is under the filtered
probability space
(Q, .F,IF = {ft}tZOv]P)y

where the filtration IF satisfies the usual condition.
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GJZ model

Guo, Jarrow, and Zeng treats m; as the following stochastic process.

Definition

[Time Change Process (Guo, Jarrow, Zeng, 2009)]
An F-time change process is a stochastic process m = {m; };>¢ satisfying

mg =0, as.,
my < t, a.s. forallt >0,

ms < my, a.s. foralls <t,

©00O0

Each my is an [F-stopping time.
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Poisson Market Time

Renewal market time having an exponential interval distribution Exp(10).
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Renewal Market Time

One of the natural examples of randomly delayed time is a renewal market
time.

[Renewal Market Time]
@ X, ~ i.i.d. random variables such that 0 < EF[X,] < oo for
n=12,...,
Q Sn:i= Y1 Xk,
Q@ Ni:=sup{n|S, <t}
Q@ m; = Sy,. )
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Can Renewal Market time be a model of GJZ time change

process?

No!

since the fourth condition " my is a stopping time " is too strong.
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Market Times

Market Times
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Raw Market Time

We introduce a wider family of stochastic processes than GJZ's time
change processes.

[Raw Market Time]

A raw market time is a stochastic process m = {m; };>¢ satisfying
QO my=0, as,,
Q@ m: <t, as. forallt >0,
Q@ ms < my, as. foralls<t.
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[F-Market Time

Definition

[F-Market Time] An F-market time is a raw market time which is
[F-adapted.
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ldempotent Market Time

Definition

[[dempotent Market Time]
A raw market time m = {m; };>¢ is called idempotent if

Mm, = my, a.s. forevery t>0.

Identity market time and renewal market times are idempotent.
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Poisson Market Time (repro
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GJZ model does not accept Idempotent Market Time

Proposition

Let m = {m;}+>0 be an idempotent raw market time where m; is an
F-stopping time. Then, for every pair t and s with t > s, we have

{my = ms} € Fs.

This proposition says that at the current time s we are able to know if the
information will have increased since now by any future time t, which is
not realistic.

This is why we exclude the condition of m; being a stopping time from the
definition of market times.
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Characterization of Idempotent Raw Market Times

Definition

For a random set M C R x (), define a process m" : R, x O — R by
mY(w) = sup{s < t | (s.w) € M},

where we use the convention sup @ = 0.

Let m: IRy x Q) — IR, be a process. Then, m is an idempotent raw
market time iff there exists a random set M C R4 x Q) such that

m=m
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Characterization of Idempotent IF-Market Times

Let m: Ry X Q) — R be a process. Then, m is an idempotent IF-market

time iff there exists an F-optional set M C Ry x Q) such that m = mM.
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ldempotent Market Times and Queuing Thoery -
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Explicit Representation of ldempotent Market Times

Let m be an idempotent [F-market time whose sample paths are cadlag.
Define a generalized function X; by

Xi = ﬂlm_Jm(t) = Z (mu = mu_)é(t = U)

ueJm

where I and J™ are random sets defined by
I"m:={t>0|mg=t} and J":=9I7,

and ¢ is the Dirac delta function. Then, we have for every t € R,

t
mt=/ Xsds.
0
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Characterization of Honest Times

A random time T : Q) — R is IF-honest if and only if there exists an
idempotent [F-market time m such that for every t > 0, T = m; on
{t <t} ie T=my.
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Market Filtrations
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Continuously Delayed Filtration

We now turn our focus on the filtration generated by delayed times.

First, let us see the continuously delayed filtrations introduced by Guo,
Jarrow and Zeng.

Definition
[Continuously Delayed Filtration(Guo, Jarrow, Zeng, 2009)]

Let m = {m;};>0 be a F-time change process. Then, the continuously
delayed filtration JF, ,ﬁjz is defined by

FSZ = {A| (vs 2 0)AN {m, < s} € F}.

This definition works since m; is an [F-stopping time.
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Market Filtration

[Market Filtrations] Let m = {m;};>o be an [F-market time. The market

filtration modulated by m is the filtration F™ = {F["};>¢ defined by for
t>0,

m ,__
P o= W B
0<s<t
where

Fme :=0{Zm, | Z={Z:}+>01s an F-optional process. }.

Let m = {m;}>0 be an F-market time. Then, F™ is a subfiltration of IF.
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Relation between Market Filtrations and Continuously

Delayed Filtration

We are interested in the case when it happens to have the market time m;
being a stopping time for every t.

Let m = {m;}+>0 be an F-market time where each m; is an [F-stopping
time. Then, F[" = f,ﬁtJZ.
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Market Filtrations Generated by Idempotent Market Times

Let m be an idempotent IF-market time. Then, for every t > 0, we have

Fr = Fum,.

This makes the calculation of the following conditional expectation much

easier.
In some sense, this is another evidence that the idempotentness is a useful

attribute for classifying market times.
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Market Times in a Binomial Model

Market Times in a Binomial Model
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What we want to do is ...

D(t, T) =E"[e" T 7y | 7]
T EP Ly oty | ]

= ei(T?t)r]l{inqu[Ovmt] Vo> EY (L fintye 1 Vo) | Fie]

=e T\ EP (L inf ey 7y Ya0) | Fome]

= e "0 g B [Lint, 1y vis0) | M0 Yim ]

= ef(Tft)r]l{T>mt}]P( inf Y, >0 ‘ s Ymt)

u€[my, T)

= e_(T_t)r]l{T>mt} [@( Ymtg——i_, /1;'(i r_ntmt) >
_ e—2vat¢72q><_Yn; +;/(_Tm—t m) )]
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[Time] Let d be a given positive number.
@ 7:={né|n=0,1,2,...,N},
@ The horizon is the number T := NJ,

Q Fors,t €T, s tlr:={ueT|s<u<t}. Similarly, we define
[s, t[7, ]s, t]7 and s, t[7,

Q 7. :=]0, T]7,

Q@ ForteT,, t—:=t—9,

Q Forte [0, T[r, t+:=t+34.
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Measurable Space

[Measurable Space] In the following, $), ¥ and L are distinct constants.
Q0 O:= {9 3T}%.
For w € (), we expand its domain to 7 by defining w(0) := L,
@ For t € T, the binary relation ~; on Q) is defined by for w, w’ € O,

w e~y & (Vs €0, t]r)w(s) = W'(s),

© ForteT, Fr:=0(Q)/ ~y),
Q F:= fT.
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Probability

Definition

[Probability] Let p €]0,1[ be a given number.
© P:Q — [0,1] is defined by for w € Q, P(w) := p7¥(1 — p)N-#«
where #w is the cardinality of w=1($),
Q@ P:F — [0,1] is defined by for A€ F, P(A) := Y ,caP(w).
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Neighborhood |

For a random time T, a neighborhood of w € () at T is the set

NT(C‘)) = [w]NT(W)'

v
Theorem

Let m be an idempotent [F-market time.

F =0{Np,(w) | w € Q}.

\
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Neighborhood Il

0 m t( W) M) T
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Conditional Expectation

Let m be an idempotent [F-market time, Y be a random variable and X be
an Fm,-measurable random variable. Then,

EP[Y | 7 =X iff (Yo € Q)(EP [y, (up) Y] = EP [y, (o) X]).
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Process Y

[Process Y]
Q For t € 7., a Bernoulli process X is defined by

B N2 ifw(t)=9
Xt(w)_{—ﬁ if w(t) = <.

Q For t € T, a process M is defined by M;(w) := Yeer, Xs(w).
© The process Y is defined by

Yi(w) := yo + vt + oM (w)

where yp, v and ¢ >= 0 are constants.
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Markov Property |

Definition

Let f : IR — R be a fixed function. Define a function g: 7 xR — R by

g(t+,y) := pg(t,y +vé +oVd) + (1 — p)g(t,y +vé —aV/5)

Let m be an idempotent [F-market time. For any s > t,

E"[f(Ys) | F{'] = g(s — me, Yim,).
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Markov Property I

Let m be an idempotent [F-market time. For any s > t,

E"[f(Ys) | FI'] = EP[f(Ys) | me, Yim ).
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Conclusions

@ Provide natural time delay examples that GJZ model is hard to
accept.

@ Introduce a more general delayed process, called market time that
does not require its random times are stopping times.

© Introduce a class of market times, called idempotent market times,
which contains many practically interesting market times. Give a
characterization of idempotent market times.
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Conclusions (cont.)

© Introduce a delayed filtration called market filtration that is the
filtration modulated by a given market time.

@ Show our market filtration is a natural extension of GJZ's
continuously delayed filtration.

© Investigate market filtrations in a binomial setting. Identify a Markov
property for a conditional expectation given the market filtration.
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Thank you for your attention.
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